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This brief study by a consultant to The RAND Corporation deals 

with the mathematical description of the motion of charged particles 

in the geomagnetic field. 

Aeronautics and Space Administration under Contract NASr-21(05). 

The work was performed for the National 
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ABSTRACT 

I n  a previous work, t h e r e  was exposed an i n t e g r a l  of t h e  Stdrmer 

type  which, a l though approximate, competently desc r ibes  t h e  motion of 

charged p a r t i c l e s  i n  the  e a r t h ' s  magnetic f i e l d  as descr ibed by 

Finch and Leaton. The present  work shows, by a numerical  example, 

t h a t ,  a t  least  fo r  t rapped r a d i a t i o n ,  t h e  a d d i t i o n  of a solar-wind 

cav i ty  f i e l d  in t roduces  no complications t h a t  are q u a n t i t a t i v e l y  

important f o r  L va lues  less than about 7 e a r t h  r a d i i .  The na tu re  of 

t h e  s m a l l  numerical  e f f e c t  t h a t  i s  present  a t  L = 7 makes i t  v i r t u a l l y  

c e r t a i n  t h a t  a t  s i g n i f i c a n t l y  higher  l a t i t u d e s  the  approximate 

i n t e g r a l  as known a t  present  w i l l  f a i l  s i g n i f i c a n t l y .  

underway t o  c a l c u l a t e  a co r rec t ion  t e r m  f o r  t h e  i n t e g r a l  i n  case t h e  

A program i s  

p a r t i c l e  i n  ques t ion  i s  trapped. 
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CONCERNING ALPHA AT SEVEN EARTH R A D I I  

INTRODUCTION 

We have previous ly  (Ray, 1963) der ived and, i n  a pre l iminary  

way, s tud ied  an  approximate Stdrmer i n t e g r a l  t h a t  ho lds  wi th  good 

accuracy i n  much, i f  no t  a l l ,  of t h e  phase space of a p a r t i c l e  moving 

i n  a Finch and Leaton (1957) magnetic f i e l d .  The p resen t  paper i s  a 

r e p o r t  of a numerical  example involving an a p p l i c a t i o n  of t h i s  

i n t e g r a l  t o  p a r t i c l e s  t rapped  i n  a magnet ic - f ie ld  model of t h e  s o l a r -  

wind c a v i t y  as obtained by Mead (1964). The example sugges ts  t h e  

fol lowing two conclusions.  I n  the  f i r s t  p l ace ,  t h e  deformation of t h e  

geomagnetic f i e l d ,  when t h e  subsolar  po in t  of t h e  c a v i t y  boundary i s  

no nea re r  t h e  e a r t h ' s  cen te r  than t e n  e a r t h  r a d i i ,  i s  q u a n t i t a t i v e l y  

unimportant i n  desc r ib ing  t h e  behavior of t rapped p a r t i c l e s  w i t h  

L C 7 e a r t h  r a d i i .  

l a r g e r  than  7,  it seems obvious t h a t  t h e  deformation w i l l  become 

important.  For L = 7 ,  t h e  numerical example shows t h a t  on t h e  e a r t h ,  

a curve of cons tan t -d ipole  magnetic l a t i t u d e  i s  a c l o s e r  approximation 

t o  a curve of cons tan t  i n t e g r a l  i n v a r i a n t  than  i s  a curve of cons tan t  

CY (Ray, 1963). Since t h e  i n t e g r a l  of Stdrmer type i n  ques t ion  reduces 

t o  t h e  constancy of CY f o r  a trapped p a r t i c l e ,  and s i n c e  a curve of 

cons tan t -d ipole  l a t i t u d e  obviously works poorly as the  locus  of t h e  

mi r ro r  po in t  of a t rapped p a r t i c l e  a t  r e a l l y  h igh  l a t i t u d e s ,  i t  seems 

evident  t h a t  f o r  h i g h - l a t i t u d e  trapped p a r t i c l e s  t h e  approximate 

i n t e g r a l  as now known w i l l  furnish only poor accuracy. 

For t rapped  p a r t i c l e s  w i th  L va lues  s i g n i f i c a n t l y  

We t h e r e f o r e  advocate the  use  of  t h e  i n t e g r a l  i n  ques t ion  f o r  L 5 7 

and are pursuing a c o r r e c t i o n  for  use  a t  h igher  l a t i t u d e s ,  where t h e  

solar-wind c a v i t y  becomes important.  
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THE NUMERICAL EXAMPLE 

We adopt as a model of the s o l a r  wind cav i ty  t h e  s i m p l i f i e d  

Mead (1964) magnetic f i e l d ,  namely 

- 0.62 i-3 cos 0 - 2 cos 0 - 2 c g ;  r s i n  0 cos 3 cos LO , 1 Br - - 

2 Be - - - 0.31 r-3 s i n  0 + $ s i n  0 - F$ r (2 cos 8 - 1) cos cp , 

B =*it r cos e s i n  (o , 
CP 

where r ,  0 ,  tp, are the  usua l  sphe r i ca l  coord ina tes  wi th  r i n  e a r t h  

r a d i i ,  

-3  
b 

81 - - - 0.2515 r , 

-1 -4 
g2 = 0.1215 rb , 

and r i s  t h e  d i s t a n c e ,  i n  ear th  r a d i i ,  a long t h e  ear th- -sun  l i n e ,  

from t h e  e a r t h ' s  cen ter  t o  the cav i ty  boundary. 

t h i s  model f i t s  h i s  ca l cu la t ions  w e l l  when r I 0.7 rb. 

r = 10. 

b 

According t o  Mead, 

W e  adopt 

b 

We tes t  t h e  accuracy of the f i r s t  i n t e g r a l  i n  ques t ion  by 

measuring t h e  depar ture  of the t r a j e c t o r y  i t  p r e d i c t s  from t h a t  

p red ic t ed  by t h e  usua l  a d i a b a t i c  i n v a r i a n t s .  That is ,  we compare a 

curve of cons tan t  u with  a curve of cons tan t  I ,  where I is  t h e  

a d i a b a t i c  i n t e g r a l  i n v a r i a n t .  The quan t i ty  I i s  no t  an exac t  

i n t e g r a l ,  any more than Q i s .  It i s  so, however, t h a t  t h e  f a i l u r e  

of I t o  be an  i n t e g r a l  can be reduced as much as d e s i r e d  by choosing 

t o  apply i t  t o  p a r t i c l e s  o f  s u f f i c i e n t l y  low r i g i d i t y ,  whi le  t h e  

f a i l u r e  of CY depends on p rope r t i e s  of  t h e  magnetic f i e l d .  

comparison i s  t h e r e f o r e  appropr ia te  . 
The 
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W e  suppose t h a t  t h e r e  i s  a trapped p a r t i c l e  t h a t  i n i t i a l l y  s p i r a l s  

about t h a t  l i n e  of force  t h a t  i n t e r s e c t s  t h e  e a r t h ' s  su r f ace  a t  

0 = 22y207, cp = 90 

su r face .  The f i r s t  two columns of t h e  t a b l e  g ive  the  curve on t h e  

e a r t h ' s  su r f ace  corresponding t o  I = 15.3. 

0 and t h a t  has  i t s  mi r ro r  po in t  a t  t h e  e a r t h ' s  

Mirror  Poin t  Locus (I = 15.3) 

tp ( O )  0 30 60 90 120 150 180 

6 (O) 22.52 22.48 22.36 22.21 22.06 21.95 21.91 

Th i s  curve passes  through t h e  p o i n t  i n  ques t ion ,  and i s  the  path 

of t h e  mi r ro r  po in t  of our t rapped p a r t i c l e .  S t r i c t l y ,  t h e  curve 

should be t h a t  on a su r face  of constant  magnet ic - f ie ld  s t r eng th .  

The d i f f e r e n c e  i s  i n s i g n i f i c a n t  for  t h i s  f i e l d  model. I f  t he  f i e l d  

-0 - -1 
were t h a t  of a pure d ipo le ,  so t h a t  g - g2 = 0, t h e  locus of t h e  1 

mi r ro r  po in t  would be t h e  curve 0 = 22?207. 

depar ture  from t h i s  behavior i s  nowhere apprec iab le .  

being i n v e s t i g a t e d  were exac t ,  then according t o  arguments given 

previous ly  (Ray, 1963), t h e  e q u a t o r i a l  c ros s ings  of t h e  t rapped 

p a r t i c l e  would, i n  t h e  e q u a t o r i a l  plane,  t r a c e  out a curve of cons tan t  

It i s  seen t h a t  t h e  

I f  t he  i n t e g r a l  

B. T h i s  e q u a t o r i a l  curve can tken be p ro jec t ed  along t h e  l i n e s  of 

fo rce  t h a t  pass  through it s o  as t o  produce a curve on t h e  e a r t h ' s  

sur face .  An i n spec t ion  of t he  f i e l d  model shows t h a t  t h i s  curve must 

be of t h e  same shape as t h e  curve i n  t h e  t a b l e ,  having i t s  maximum 

excursion from 9 = 22.207 a t  cp = 0 and a t  cp = 180°, w i th  the  excurs ions  

about equal  ( s ince  t h e  deformation i s  no t  a l a r g e  f r a c t i o n  of  d ipo le  

0 
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f i e l d )  and of oppos i te  s igns .  Consequently, t h e  fol lowing 

c a l c u l a t i o n  w a s  c a r r i e d  out on a computer. A l i n e  of fo rce  w a s  

computed from th,e po in t  r = 1, 0 = 22P207, 'p = 90 t o  t h e  e q u a t o r i a l  

plane.  The va lue  of B t h e r e  was ca l cu la t ed .  It w a s  then  found t h a t  

t h i s  same value  of B w a s  obtained by c a l c u l a t i n g  a l i n e  of fo rce  from 

t h e  po in t  r = 1, 8 = 23.176, cp 0 t o  t h e  e q u a t o r i a l  plane and 

c a l c u l a t i n g  B a t  t h a t  equa to r i a l  po in t .  Th i s  va lue ,  23y176 i s  about 

twice as f a r  from t h e  va lue  22.517 on t h e  cons t an t  I curve as i s  t h e  

va lue  22.207 on t h e  cons tan t  0 curve. 

enough t o  be important f o r  most purposes,  bu t  f o r  l a r g e r  L va lues ,  i t  

seems l i k e l y  t h a t  it w i l l  become s t e a d i l y  more se r ious .  It i s  clear 

t h a t  f o r  L 5 7, however, t h e  present  theory i s  adequate.  It i s  a l s o  

t r i v i a l  i n  t h e  present  case, where t h e  neg lec t  of  t h e  deformation 

r e s u l t s  i n  t h e  use  of a pure d ipole  f i e l d .  W e  draw t h e  conclusion,  

however, t h a t  one i s  j u s t i f i e d  i n  neg lec t ing  t h e  cav i ty  deformation 

when L s 7 ;  a l s o  when t h e  higher-mult ipole  t e r m s  of t h e  e a r t h ' s  

i n t e r n a l  f i e l d  a r e  taken i n t o  account.  

0 

0 

0 

0 
The discrepancy i s  no t  l a rge  
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